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We investigate the consequences of non-minimal gravitational coupling to matter and study how it differs
from the case of minimal coupling by choosing certain simple forms for the nature of coupling. The
values of the parameters are speciﬁed at z = 0 (present epoch) and the equations are evolved backwards
to calculate the evolution of cosmological parameters. We ﬁnd that the Hubble parameter evolves more
slowly in non-minimal coupling case as compared to the minimal coupling case. In both the cases, the
universe accelerates around present time, and enters the decelerating regime in the past. Using the latest
Union2 dataset for supernova Type Ia observations as well as the data for baryon acoustic oscillation
(BAO) from SDSS observations, we constraint the parameters of Linder exponential model in the two
different approaches. We ﬁnd that there is an upper bound on model parameter in minimal coupling.
But for non-minimal coupling case, there is range of allowed values for the model parameter.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
It has now become fairly well established that the Universe is
undergoing an accelerated expansion in recent times (z  4). Ob-
servational evidence for this mainly comes from supernova Type
Ia [1] and Cosmic Microwave Background Anisotropies [2]. Large
Scale Structure formation [3], Baryon Oscillations [4] and Weak
Lensing [5] also suggest such an accelerated expansion of the Uni-
verse. One of the most challenging problems of modern cosmology
is to identify the cause of this late time acceleration. Many theoret-
ical approaches have been employed to explain the phenomenon of
late time cosmic acceleration. A positive cosmological constant can
lead to accelerated expansion of the universe but it is plagued by
the ﬁne tuning problem [6]. The cosmological constant may either
be interpreted geometrically as modifying the left hand side of Ein-
stein’s equation or as a kinematic term on the right hand side with
the equation of state parameter w = −1. The second approach can
further be generalised by considering a source term with an equa-
tion of state parameter w < −1/3. Such kinds of source terms have
collectively come to be known as dark energy. Various scalar ﬁeld
models of dark energy have been considered in literature [7–23].
As an alternative to dark energy as a source for the accelerated
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Open access under CC BY license.expansion, modiﬁcation of the gravity part of the action has also
been attempted [24]. In these models, in addition to the scalar cur-
vature R in the gravity lagrangian there is an additional term f (R).
The gravity action hence becomes,
S = 1
2κ2
∫
d4x
√−g [R + f (R)]. (1)
However, in such models matter and gravity are still minimally
coupled. Despite the signiﬁcant literature on such f (R) mod-
els [24], another interesting possibility which has not received due
attention until recent times is a non-minimum coupling between
the scalar curvature and the matter lagrangian density [25].
In this Letter we study the evolution of Hubble parameter in
minimal and non-minimal coupling between scalar curvature and
the matter lagrangian density. We use a form for f (R) model
which assumes the following exponential form proposed sepa-
rately by Linder and Cognola et al. [26]:
f (R) = −C[1− exp(−R/R0)] (2)
with C being the model parameter and R0 is the present day cur-
vature scale. We also attempt to place observational constraints on
the parameters of this model in both minimal and non-minimal
coupling of scalar curvature with matter lagrangian density. We
ﬁnd that there is an upper bound on model parameter C in the
minimal coupling case. For non-minimal coupling between matter
and gravity, there is a range of values which the parameter C is al-
lowed to take. These bounds depend on the present day value of q0
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troduce the most general action for modiﬁed gravity. The equations
of motions corresponding to this action are solved numerically for
both minimal and non-minimal coupling of scalar curvature with
matter. We investigate the observational constraints on the model
parameter in Section 3. In Section 4 we summarise the results.
2. F (R) gravity models
We start with the general action for modiﬁed gravity where the
curvature is in general coupled with the matter lagrangian:
S =
∫
d4x
√−g
[
1
2
f1(R) +
[
1+ f2(R)
]Lm
]
, (3)
where f1(R) and f2(R) are the arbitrary functions of Ricci scalar
R and Lm is the lagrangian density for matter which we will as-
sume to be non-relativistic. We assume the natural unit with the
speed of light taken to be unity in our calculations. The standard
Einstein–Hilbert action is recovered with f2(R) = 0 and f1(R) =
R
κ2
where κ2 = 8πG . The standard f (R) gravity class of models are
recovered with f2(R) = 0 and f1(R) = R + f (R), where f (R) is an
arbitrary function of R . In the latter case the pure gravity action
has a non-minimal coupling while the matter is still minimally
coupled to gravity. In what follows, we shall consider the cosmo-
logical evolutions and their observational constraints for modiﬁed
gravity models in both cases, namely, one in which the curvature
is coupled minimally as well as the one in which the curvature is
non-minimally coupled with the matter lagrangian density.
2.1. Minimally coupled f (R) gravity models
As mentioned earlier, we recover the standard f (R) gravity (i.e.,
the one with a minimal coupling of matter with gravity) if we
have f2(R) = 0 and f1 = R + f (R) in the action deﬁned in Eq. (3).
Now varying the action given in Eq. (3) with respect to the metric
tensor gμν , we get the modiﬁed Einstein equation:
Gμν + f R Rμν −
(
f
2
− f R
)
gμν − μν f R = κ2Tμν, (4)
where f R ≡ dfdR and f RR ≡ d
2 f
dR2
. Assuming a ﬂat Friedmann–
Robertson–Walker spacetime with a scale factor a(t):
ds2 = −dt2 + a(t)(dx2 + dy2 + dz2), (5)
the 0–0 component of the modiﬁed Einstein equation (4) becomes
H2 + f
6
− f R
(
HH ′ + H2)+ H2 f RR R ′ = ΩmH20
a3
, (6)
where ′ is with respect to lna, Ωm is the matter energy density
parameter today and H0 is the Hubble parameter today. It will be
convenient if we express the cosmological quantities involved in
dimensionless units. Hence, we deﬁne the following dimensionless
quantities:
h = H
H0
(7)
x = R
R0
(8)
f¯ (x) = f (R)
R0
(9)
f¯ x = d f¯ = df = f R (10)
dx dRf¯ xx = d
2 f¯
dx2
= R0 d
2 f
dR2
= R0 f RR (11)
α = R0
H20
= 6(1− q0), (12)
where R0 is the present curvature scalar and q0 is the present day
deceleration parameter. The evolution of R with redshift, z is given
by the equation,
dR
dz
= 6
(
3H
dH
dz
− (1+ z)
(
dH
dz
)2
− (1+ z)H d
2H
dz2
)
. (13)
With these deﬁnitions, one can write Eq. (6) in terms of the red-
shift z, as,
h2 + (1− q0) f + fx
(
(1+ z)hdh
dz
− h2
)
+ (1+ z)
2
1− q0 h
3 fxx
(
1
h
(
dh
dz
)2
+ d
2h
dz2
− 3
1+ z
dh
dz
)
= Ωm(1+ z)3. (14)
Instead of working with a general f (R), it will be more useful
if we use a speciﬁc form for f (R). A simple form is case of “Expo-
nential Gravity” proposed by Linder [26]. In this case the form of
f (R) is given by,
f (R) = −C[1− exp(−R/R0)]. (15)
This can be expressed in the dimensionless form by deﬁning a di-
mensionless constant c = C/R0. We then have
f¯ (x) = −c[1− exp(−x)]. (16)
With this choice of f¯ (x), we now solve Eq. (14) to ﬁnd H(z).
There are a number of investigations where this equation has been
solved and the model is subsequently constrained by observational
data. In all of these works, it is assumed that the universe be-
haves as a CDM model in the past and subsequently deviates
from that behaviour [28]. In this way, one sets the initial condi-
tions for h(z) and dh(z)/dz, assuming the model is close to CDM
in the past. One problem one usually faces in this approach, is the
epoch at which to set the initial conditions. Depending upon the
redshift at which one ﬁxes the initial conditions, one may or may
not get well-behaved solutions without any pathology. In other
words, one has to ﬁne tune the initial conditions so as to get regu-
lar solutions. Although this always happens in most of the relevant
modiﬁed gravity models discussed in the literature, it has not been
suﬃciently emphasised to the best of our knowledge. To circum-
vent this problem, we take a different approach to solve Eq. (14).
We set the initial conditions at present epoch, i.e., at z = 0. In
Eq. (14), h(z = 0) = 1 identically. Now for the second initial con-
dition, dh/dz|z=0, one can write dh/dz(z = 0) = 1 + q0, where q0
is the present day deceleration parameter, as mentioned before.
Hence, the second initial condition is directly dependent on the
deceleration parameter at present and this will be one of the pa-
rameters in our model. Hence, we have three parameters in our
model, i.e., c, which is the parameter in the Exponential Gravity
model, and two cosmological parameters, Ωm and q0. Using these
conditions for today’s epoch, we evolve our system from present
day (i.e., at z = 0) backwards in time (i.e., for increasing z). We
want to stress that, in this approach, there is no extra assumption,
or ﬁne tuning of the initial conditions in order to solve the evolu-
tion equation (14). One of the initial conditions, h(z = 0) is ﬁxed to
1 by deﬁnition and the other one is related to q0, which we shall
constraint by observational data.
S. Thakur et al. / Physics Letters B 696 (2011) 309–314 311Fig. 1. Behaviour of Hubble parameter as a function of redshift. Ωm = 0.25 and q0 = −0.55 for both ﬁgures. In the left panel, c = 1.1,1.2,1.4 from left to right whereas in
the right panel c = 1.6,3,10,50 from right to left.We aim to investigate if the cosmological evolution is well-
behaved as we go to earlier times, or whether they are plagued
by singularities at high redshifts. We further aim to study the role
of the parameter c in this context. As we discuss below, one in-
deed gets regular solutions upto any higher redshift for a certain
range of values for the parameter c. For the rest of two parameters,
we vary Ωm between 0.25 and 0.35 and the present deceleration
parameter q0 between −0.9 and −0.55.
We ﬁrst investigate the behaviour of the normalised Hubble pa-
rameter (h(z) = H(z)/H0) as function of redshift for c < 1.6 as
shown in Fig. 1. We have used three values for c, 1.1, 1.2 and
1.4 and we have assumed Ωm = 0.25 and q0 = −0.55. It clearly
shows that singularity occurs at different redshifts for different
values of c. Even if we vary Ωm and q0 in the range mentioned
above, the overall behaviour does not change in the sense that
there is always a singularity at some redshift. However, the be-
haviour signiﬁcantly changes once we assume c  1.6, as we show
in Fig. 2. In Fig. 2 we have again plotted h(z) as a function of z
but with the value of c greater than 1.6. We evolve the system for
redshift as high as z = 1000, and the behaviour of h(z) remains
well-behaved. As we mentioned earlier, although these plots are
for speciﬁc choices for Ωm and q0, the behaviour of h(z) is simi-
lar for any value of these two parameters in the range mentioned
above, i.e., 0.25 < Ωm < 0.35 and −0.9 < q0 < −0.55. So we can
conclude that for the model parameter c > 1.6, the model is regu-
lar upto any higher redshift.
We also study the behaviour of the deceleration parameter q(z)
as a function of redshift. In terms of the redshift, q0 is given by,
q(z) = (1+ z)H
′(z)
H(z)
− 1. (17)
The behaviour of q(z) is shown in Fig. 2 for different values of the
model parameter c assuming Ωm = 0.25 and q0 = −0.55. It shows
that in all cases, the universe has an accelerated phase at present
and as we go back it smoothly enters the decelerating phase. The
lower the value of c, the universe enters the accelerated phase ear-
lier.
2.2. Models with non-minimal matter-curvature coupling
Here we extend the f (R) gravity models assuming a non-
minimal coupling between the matter lagrangian Lm and the
scalar curvature. We assume the action to be,
S =
∫
d4x
√−g
[
1
2κ2
R + (1+ f (R))Lm
]
. (18)
Minimizing the above action with respect to gμν gives the
modiﬁed version of Einstein’s equation:
φRμν − 1 Rgμν = κ2
(
1+ f (R))Tμν + (∇μ∇ν − gμν)φ, (19)2Fig. 2. Behaviour of the deceleration parameter q(z) as a function of redshift. The
lines are for c = 2,5,10 from bottom to top. We assume Ωm = 0.25 and q0 = −0.55.
where φ = 1+ 2κ2Lm dfdR . The Bianchi identity Gμν;ν = 0 gives
∇μTμν = df /dR
1+ f (R) (gμνLm − Tμν)∇
μR, (20)
which implies the non-conservation of the matter energy–momen-
tum tensor. This is due to the non-minimal coupling between the
matter lagrangian and the curvature which results exchange of en-
ergy between the matter and the scalar degrees of freedom present
due to the f (R) gravity model. This exchange of energy is one im-
portant feature of this non-minimally couple f (R) gravity model.
But once we assume the prefect ﬂuid form for our matter energy–
momentum tensor (which is consistent with a homogeneous and
isotropic universe) together with the form for the lagrangian den-
sity Lm = −ρm (ρm being the matter energy density) [27], one can
explicitly show that putting ν = 0 in the above equation, i.e., for
the energy density conservation equation, one gets the usual equa-
tion, ρ˙m + 3Hρm = 0. With this together with the metric given by
(5), one can write the 0–0 component of Eq. (19):
Hφ˙ + 1
6
f1 −
(
H˙ + H2)φ = H20 f2Ωm(1+ z)3 + H20Ωm(1+ z)3,
(21)
where dot represents differentiation with respect to time. Further,
comparing Eqs. (3) and (18), f1 is identiﬁed with R/κ2 and f2
with f (R) given in Eq. (15). Changing the variable to redshift z,
and expressing everything in terms of the dimensional variables
deﬁned in (7), one can now get from Eq. (21) as(
(1+ z)hdh
dz
− h2
)(
1− Ωm(1+ z)
3 f¯ x
1− q0
)
+ (1− q0)x
+ h3 Ωm(1+ z)
5 f¯ xx
(1− q0)2
(
3
1+ z
dh
dz
− 1
h
(
dh
dz
)2
− d
2h
dz2
)
+ 3(1+ z)
3Ωm f¯ xh2 = Ωm(1+ z)3(1+ f¯ ) (22)(1− q0)
312 S. Thakur et al. / Physics Letters B 696 (2011) 309–314Fig. 3. Behaviour of the Hubble parameter q(z) as a function of redshift. The
lines are for c = 1.5,6,15,50 from top to bottom. We assume Ωm = 0.25 and
q0 = −0.55.
Fig. 4. Behaviour of the Hubble parameter q(z) as a function of redshift for min-
imally coupled (solid line) and the non-minimally coupled case (dashed line). We
assume Ωm = 0.25 and q0 = −0.55, c = 5.
Fig. 5. Behaviour of the deceleration parameter q(z) as a function of redshift. The
lines are for c = 2,5,10 from top to bottom. We assume Ωm = 0.25 and q0 = −0.55.
where subscript “x” denotes differentiation with respect to vari-
able x. The initial conditions are also taken in a way similar to
the one described in the minimally coupled case in the previ-
ous section. The evolution of the Hubble parameter is shown in
Fig. 3. Unlike the minimally coupled case, we do not have patho-
logical behaviour for any values of the parameter c. To compare
the minimally coupled and non-minimally couple cases, we show
the behaviour of the Hubble parameter for the two case for same
values of c,Ωm and q0 in Fig. 4. It shows that Hubble parameter in
the non-minimally coupled case evolves slower than its counter-
part in the minimally coupled case. We also show the behaviour
of the deceleration parameter for non-minimally coupled case in
Fig. 5. Here also the universe is in an accelerating phase at present
and smoothly joins the decelerating regime in the past. Here un-
like the minimally coupled case, higher the value of the parameter
c, the universe enters the acceleration regime earlier.3. Observational constraint
In this section we investigate the observational constraints on
our model parameters. We use the supernova Type Ia data from
the latest Union2 dataset consisting of 557 data point [29]. The
data consists of the distance modulus deﬁned as μ = m − M =
5 logdL + 25 where dL(a) is the luminosity distance deﬁned as,
dL(a) = a−1
1∫
a
dy
y2H(y)
. (23)
The other data we consider is the baryon acoustic oscillations scale
produced in the decoupling surface by the interplay between the
pressure of the baryon–photon ﬂuid and gravity. For this we calcu-
late the distance ratio Dv(z = 0.35)/Dv (z = 0.2) where Dv is given
by
Dv(z) =
[
z
H(z)
( z∫
0
dz′
H(z′)
)2]1/3
. (24)
The SDSS observation gives Dv(z = 0.35)/Dv (z = 0.2) = 1.736±
0.065 [30]. We use this measurements together with the measure-
ments of distance modulus by Type Ia supernova observations, to
constrain our model.
We use these two observational data to put constraints on our
model parameter. In Fig. 6, we show the 1σ and 2σ contours in
the q0–c plane with different choices of the density parameter Ωm .
For minimally coupled case, there is always an upper bound for
the parameter c as well as for the present day deceleration param-
eter q0. For example, with Ωm = 0.25 the 2σ upper bound for c is
around 1.8. This upper bound shifts towards higher values as one
increases Ωm .
On the other hand, for non-minimally coupled case, things are
different. Here there is an allowed range of c for every values of q0.
For example, with Ωm = 0.25 and q0 = −0.9, the 2σ allowed range
for c is between 4.6 and 6.2. But as one increases Ωm , this range
shifts towards smaller value of c. Also for the minimally coupled
case, our constraint on parameter c differs than that obtained by
Ali et al. [28]. They solved the evolution equation in a different
way than ours. They have assumed the universe is close to CDM
at higher redshifts, and put the initial conditions in the early time
whereas we put the initial condition at present and solve it back-
wards. Also one of the initial conditions q0 is actually one of the
ﬁtting parameters. Also they have used the slightly older super-
nova data given by constitution set, which has 397 data points in
comparison to our 557 data points given by the Union2 set. Their
analysis shows no constraint on c at any level. It differs signiﬁ-
cantly from what we obtain.
4. Conclusion
We have reinvestigated the f (R) gravity model where the cur-
vature is minimally as well as in the case where gravity is non-
minimally coupled with matter. We have assumed Linder’s expo-
nential form for f (R) for our analysis. We have ﬁxed the initial
condition at present. We do not need any additional assumptions.
By deﬁnition, H/H0 = 1 at z = 0, where H0 is the present day
Hubble parameter. The other initial condition ﬁxes q0, the present
day deceleration parameter, and we take q0 as one of our ﬁtting
parameters. Hence our method of solving the evolution equation
does not involve any additional assumption.
First we check that for minimally coupled case, for c  1.6, one
can evolve the universe till any higher redshifts without any patho-
logical behaviour. For lower values of c, there is some singular
S. Thakur et al. / Physics Letters B 696 (2011) 309–314 313Fig. 6. 1σ and 2σ contours in the q0–c plane for the minimally coupled (left panel) and non-minimally coupled (right panel) case using the observational data (explained in
the text). The solid, dashed and dash-dotted lines are for Ωm = 0.25,0.3,0.35 respectively.features in H(z) at different redshifts depending upon the parame-
ter choices. For non-minimally coupled case, this changes and H(z)
is regular till any higher redshifts for any choice of parameter val-
ues (we have taken Ωm between 0.25 and 0.35, q0 between −0.9
to −0.55 and c between 1 to 50). For minimally coupled case,
the constraint c  1.6 to get regular solutions for H(z) also sat-
isﬁes the constraint coming from the local gravity tests [24]. Also
the evolution of the universe is as expected, showing accelerating
universe at late time, and decelerating universe in the past. We
next use the observational data coming from Type Ia supernova
observations as well as the BAO peak measurements by SDSS. For
supernova, we use the latest Union2 compilation consisting 557
data points. For minimally coupled case, the constraints on c is
completely different from what obtained by Ali et al. [28] earlier.
We have obtained an upper bound on c. This upper bound on c
shifts towards the higher values as one increases Ωm . For non-
minimally coupled case, there is a range of allowed values for c,
and this allowed range for c shifts towards for smaller values as
one increases Ωm .
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